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62 EXERCISES. 

The co-ordinates of the centre of the circumscribed circle satisfy the equations, 

a _ / 9 ._ 7 



cos A cos B cos C ' 

Hence the required relation follows. 

Treat, in a similar manner the equations to the escribed circles, viz : — 

cos \A . ( — a)* + sin \B . ft -f sin \C .-fi = o, etc. 

[^. //. (/«!»«.] 

106 

If «* be a positive integer, 

sin (m — i) <p — x sin mtp -j- x m sin <p 
will contain i — 2x cos y + x 2 . [A. Ha//.'] 

SOLUTION. 

The remainder, after a division of 

R n = #" sin itn — n — \)f — x" + ' sin (m — n) <p 
by I — ix cos <p + x 2 , is by actual calculation found to be 

I? n + i = x n + 1 sin (m — n — 2) <p — ^" + 2 sin(w — n — \)<p. 
Accordingly, the division of 

sin (m — 1) (f — x sin m<p, 
by 1 — 2jr cos <p -\- x 2 , will give the successive remainders, 

R\, ^2. ^3. • • • ^»i> 
where R m = x m sin ( — <p) . 

This proves the proposition. [T. U. Taylor .] 

[Solved also by Professors Hall, Thornton, and Stone] 
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122 
If P 1 P 2 P 3 be a triangle inscribed in an ellipse, the co-ordinates of the point 
of concourse of its altitudes are given by the relations, 

2ax = {a 2 + ft 2 ) (cos/! + cos/ 2 + cos/ 3 ) — (a 2 — b 2 ) cos (p t + p 2 + p 3 ) , 

2by = (a 2 -f- b 2 ) (sin p 1 + sin p 2 + sin /„) — (a 2 — b 2 ) sin (/, + p 2 + / s ) ; 

where / 1( / 2 , p s are the eccentric anomalies of the vertices. Prove these relations, 
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and find the values of x, y when for a given P the area of P l P 2 P 3 is greatest. 
Show that the locus of the orthocentre of all such triangles is also an ellipse. 

[IV. M. Thornton.'] 
133 

Find an expression for the area of a quadrilateral inscribed in an ellipse in 
terms of the eccentric anomalies of its vertices and the axes of the curve. 

[R. H. Graves."] 
134 
The area of the curve 

,_ (a 2 — oj sin 2 cos'fl 
a 2 sin 2 f) + b 2 cos 2 

is one-half of that of its circumscribing circle. [R. H. Graves.] 

135 

If M be an integer prime to N, show that the number of places in the period 
of the repetend M\ N is a divisor of 

,w-*(.-i)(i-i)...(.-i]. 

where a, b, . . . h are the prime factors of N and <p (N) is the number of inte- 
gers less than A 7 and prime to N. [Wm. E Heal?] 

136 

From the centre of each of two equal coins a coin is cut at random. If one 
of these random coins be placed on the other at random in a horizontal position, 
what is the probability that the top coin will not fall off, supposing one coin just 
as likely to be placed on top as the other ? [Artemas Martini] 

137 
A vessel of depth a, the top and bottom of which are horizontal planes, is 
filled with a transparent fluid, the refractive index of which at a depth z below 
the surface is 1 + z\a. Two small holes being made in the top, a ray of light 
enters at one hole, is reflected at the bottom, and emerges at the second hole ; 
show that the distance between the holes must not be greater than 

2a log,, (2 + 7/3). [William Hoover?] 

YALE SENIOR PRIZE PROBLEMS. 

138 

A rhumb line which cuts the meridians at the angle of 30 is projected upon 
a plane tangent to the south pole. The centre of projection is : 1 ° at the centre 
of the sphere; 2° at the north pole ; 3 at an infinite distance on the line of the 
axis. Required the equation of the projection of the curve in each case. 
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129 

The two equal sides of an isosceles triangle move on two fixed points. Re- 
quired the equation of the locus of the centre of gravity of the triangle. 

130 

There are three concentric circles of radii a, b, and c. In the circumference 
of each a point is taken at random. What is the average value of the square of 
the area of the triangle having its vertices at these points. 

131 

Find the most general equation of the curve of the fourth degree which 
shall consist of two equal symmetrical loops and have no other branch, thus 
forming approximately a figure eight. Discuss the changes which result from 
causing the constants to vary. 

132 

A broken line, ABCDE . . . etc., is drawn in a plane, having all its angles 
equal and the concavity always on the same side. Each of the successive parts 
BC, CD, DE, etc., is half as long as the preceding. The length and direction of 
AB are given and the common angle. Required the direction and distance from 
A of the point to which the end of the line approaches, when the construction as 
described is continued indefinitely. 

133 

A, B, C, D are four points in a plane. The inverse points (with regard to a 
circle in the same plane) are a, b, c, d. What relations, independent of position, 
exist between the sides and angles of the quadrilaterals ABCD and abed. 

134 

Let [> a , p b , p e , p d , p e be five vectors drawn from a common but undetermined 
origin to five given points A, B, C, D, E. Find five scalars a, b, c, d, e such that 
the vector equation 

ap a + b(> b + cp d + dp d + ep. = o 

shall hold true for all positions of the origin. 

135 
A uniform elastic cord weighs 100 ounces. Its length when unstretched is 
100 feet. If it is laid on a smooth table and stretched, its length increases one 
foot for every ounce of force applied. It is thrown over two pullies twenty feet 
apart, and on the same level, so that the central loop balances the pendent ends. 
Discuss the curve and the tensions. 

136 
Develop a method of determining solar parallax by observations of the 
minor planets. 



